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THE GENERALIZED DOWLING LATTICES

PHIL HANLON

ABSTRACT. In this paper we study a new class of lattices called the generalized
Dowling lattices. These lattices are parametrized by a positive integer 7, a
finite group G, and a meet sublattice K of the lattice of subgroups of G . For
an appropriate choice of K the generalized Dowling lattice D, (G, K) agrees
with the ordinary Dowling lattice D,(G). For a different choice of K, the
generalized Dowling lattices are the lattice of intersections of a set of subspaces
in complex space. The set of subspaces, defined in terms of a representation of
G, generalizes the thick diagonal in C" .

We compute the Mobius function and characteristic polynomial of the lattice
D,(G, K) along with the homology of D, (G, K) in terms of the homology of
K . We go on to compute the character of GwrS, acting on the homology of
D, (G, K). This computation provides a nontrivial generalization of a result
due to Stanley concerning the character of S, acting on the top homology of
the partition lattice.

1. INTRODUCTION

In this paper we study a family of lattices which we call generalized Dowling
lattices. These lattices, denoted D, (G, K), are indexed by a positive integer

‘ n, a finite group G, and a meet sublattice’ K of the lattice of subgroups of
‘ G . For an appropriate choice of K, D, (G, K) is the ordinary Dowling lattice
‘iof rank n based on the finite group G. In this paper we study combinatorial
fproperties of the generalized Dowling lattices and their order complexes. In
‘particular, we compute the homology of D,(G, K) in terms of the homology
of K.
 The generalized Dowling lattices have a very rich combinatorial structure.
Unless K is trivial, D, (G, K) is not ranked hence is not supersolvable, geo-
metric, or even Cohen-Macaulay. Nonetheless, all of the well-known combina-
torial and homological properties of the Dowling lattices have elegant analogues
in the generalized Dowling lattice case. Because the generalized Dowling lat-
tices are not Cohen-Macaulay, these properties cannot be proved using classical
combinatorial methods. In this paper we use a mixture of combinatorial and

Received by the editors May 1, 1989.

1980 Mathematics Subject Classification (1985 Revision). Primary 05B35.

iThe author is grateful to the Sloan Foundation, the IHES, the University of Michigan, and the
National Science Foundation for partial support of this work.

,“A “meet sublattice” M of a lattice L refers to a lattice M contained in L with the property
that the meet in M agrees with the meet in L.

© 1991 American Mathematical Society
0002-9947/91 $1.00 + $.25 per page




2 PHIL HANLON

homological methods to compute H (D,(G, K)). In particular, we devise a
spectral sequence method which effectively separates H,(D,(G, K)) into two
parts—a part coming from H, (K) and a part coming from the homology of
the ordinary Dowling lattices.

The wreath product group GwrS, acts as a group of automorphisms of
D,(G, K) . The spectral sequence used to compute H, (D, (G, K)) is (GwrS,)
—equivariant which allows us to compute the character of GwrS, on
H (D,(G, K)). We prove a generalization of Stanley’s result which expresses
the action of S, on the top homology of the partition lattice in terms of induced
characters.

There is a second choice of K for which the D, (G, K) specialize to an in-
teresting class of lattices. These specializations have a geometric significance—
their homology groups determine the homology of a natural affine variety in
complex space. This variety is a generalization of the variety C"\A, where A
is the thick diagonal, A = {(v,,...,v,) : v, = v; some i < J}. This gener-
alized variety begins with a faithful representation ¢: G — GL(V) of a finite
group G. For i < j and g € G define Zf jgto be the subspace of V" given
by

Ho={w, ... v)eV" v, =0(g)}.

For i # j, J has codimension equal to dim(V). For i = j however,
. g can have smaller codimension. Let < (¢) denote the set of subspaces

Fo)=A{Z ; ;i<], g€ GN\{HZ , ,:1<i<n}.

Note that /7’; ie= V" iff i =j and g = e. Thus the exclusion of the set
{# ;.:1<i<n} insures that V" is not in #(p). Let A be the union
of the subspaces in #,(¢) and let A (¢) be V”\Z. It is easy to see that

(p) = C"\A when the group G is trivial, so one can think of A, (p) as an
affine variety which generalizes C"\A.

Using results of Goresky and Macpherson (see [8]) one can compute the ho-
mology of A, (¢) in terms of the homology of the lattice of intersections of the
subspaces in 7, (¢) . We will show that this lattice of intersections is D, (G, K)
for an appropriate K. So the computation of H,(D,(G, K)) determines the
homology of the affine variety A, (¢).

The paper is organized in the following way. In §2 we define the general-
ized Dowling lattices and develop some of their more elementary combinatorial
properties. In §3 we prove D, (G, K) is isomorphic to the lattice of intersec-
tions of the subspaces in &, (¢) §4 contains the main results. We mtroduce
our spectral sequence methods use them to compute the homology of the gem-
eralized Dowling lattices, and apply that to the computation of H, (A, (¢)). In
§5 we conclude by computing the character values for the action of the wreath
product group GwrS, on the homology of D, (G, K).
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2. THE COMBINATORIAL THEORY

2.1. K-digraphs. Let L be a finite lattice. A closure operator on L is a map
x — x from L to L which satisfies:

(a) x>x forall xe L.

(b) X==x forall xe L.

(¢) If x<y then x <y forall x,yeL.
We will also assume the condition 0 = 0 (where 0 denotes the minimal element
of L). If x — % is a closure operator on L then we let L denote the set of
closed elements of L, i.e.,

L={xeL:x=x}.

Proposition 2.1.1. Let x — % be a closureon L andlet x,y € L. Then x Ay
isin L.
Proof. For x,y € L we have

XAy<x=x and XAy<y=y.

So,
XAy<xAy<xXxAy. O

Proposition 2.1.1 shows that L has a meet operation. Also it has a maximal
element (the maximal element of L) and so it is a lattice. In general it is not
a sublattice of L as only the meet operations in L and L agree.

Let G be a finite group with identity e and let L(G) denote the lattice of
subgroups of G. We let E denote the trivial subgroup E = {e}. Assume that
H — H is a conjugation-invariant closure operator on L(G). In other words,
the map H — H satisfies

g 'Hg=¢ 'Hg
for g € G and H € L(G). We let K denote the lattice L(G) of closed

subgroups in L(G). By the conjugation-invariance of the closure operator we
have that G acts as a group of automorphisms of X .

Definition 2.1.2. A complete K-digraph with vertex set S is an edge-labelled
digraph with an edge directed from s to ¢ for every pair (s, t) € S xS. The
edge from s to ¢ is labelled with a right coset H_ , of some subgroup in K.
Moreover the following consistency condition (x) must be satisfied:

For every (r,s,1t) € S* we have

(*) Hs,tHr,s = Hr
where AB denotes {af:a€ A, f € B}.

2

Condition () is a strong constraint as the next proposition shows.
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Proposition 2.1.3. Let 6 be a complete K-digraph with vertex set S and with
edge labels H, .

(a) Foreach we S, H, , is a subgroup in K.

(b) Let u,veS. Then H, , is a right coset of the subgroup H, .
(c) Let u,ve€S. Then H, , = {a '€ H, .}
(d) Let u,v €S andlet y be any element of H, . Then
-1

H = yHu’uy
Proof. We first prove (a). Choosing r = s = =u in () gives that H , is
closed under multiplication, hence is a subgroup.

To prove (b) first choose r =s=u and ¢t =v in (x). We obtain
Hu,vHu,u = Hu,v .

It follows that H, , is a union of right cosets of H, ,. Next choose r=1=u
and s =v in (x). This gives

Hv,uHu,v = Hu,u
so |H, |<|H, ,|. Thus H,  is a single right coset of H, .

We next prove (c). As above we have
Hv,uHu,v = Hu,u

so (1) |H, | < I|H, | and (2) for some y € H, , we have vy e H, .
Choosing r =u and s =t =9 in (x) we obtain

H, H, ,=H, ,.

u,u"v,u
So Hv’u

Hu’uy'l from which (c) follows.

Lastly we prove (d). By (c) we know that »~!isin H, ,. Hence by (x) we
have that

is a left coset of H, , (here using (1)). By fact (2) we have H, =

-1
Hu s uy g Hv u”
Applying (x) again we have that
-1
}'H u, uy g Hv ,U°
Reversing the roles of ¥ and v in the above argument shows that
-1
¢ Hv ,vy g Hu JU
which completes the proof of (d). O

Proposition 2.1.3 gives a simple method for constructing all the complete
K-digraphs with vertex set S.

Step 1. Fix a point u € S and choose a subgroup H, , € K. Let R be a set
of coset representatives for H, in G.

u
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Step 2. For each v # u in S choose a representative r(u, v) € R. Once these
(independent) choices have been made we are constrained, by Proposition 2.1.3,
to define H, , to be

-1

H, ,=r(u,w)H, r(u,v)

In particular, the number of complete K-digraphs which have subgroups con-
jugate to H labelling its loops is (|G|/|H|)'"*I™".

Definition 2.1.4. A K-digraph is a digraph each of whose weakly connected
components is a complete K-digraph.

Let Q (G, K) denote the set of K-digraphs with vertex set {1, 2, ..., n}.
Given a K-digraph 6 € Q, (G, K) we define its edge labels by: H, , is the
actual label on the edge from u to v if this edge exists in J and is the empty
set if there is no edge from u to v in &.

Define a partial ordering < on Q, (G, K) in the following way. Let J, and
4, bein Q (G, K) and let H(i) be the edge labels on J;. Then we say J, < J,

iff H(l I-I(2 forall ¥ and v.

Itis obv1ous that < is a partial ordering on Q (G, K). The poset Q (G, K)
has a unique minimal element O which is the dlgraph whose only edges are a
loop at each point labelled E. Also Q, (G, K) has a unique maximal element
1 which is the complete digraph with every edge labelled G.

We will show that Q (G, K) is a lattice. Since Q, (G, K) has a maximal
element, it is enough to show that every pair of elements has a greatest lower
bound. We do this by explicitly describing the greatest lower bound. This
description makes use of the following fact which is easy to prove.

Proposition 2.1.5. Let A and B be subgroups of a finite group G and let aA
and BB be right cosets of these subgroups. Then (aA) N (BB) is either empty
or it is a right coset of (AN B).

Definition 2.1.6. Let d, and J, be in Q,(G, K), and let H.”, be the edge

labels in J;. Recall that H(' = O if there is no edge from u to v in J;.
Define 4, /\ 0, to be the dlgraph with edge labels H, , defined by

_ (2)
Hu,v - Hu,v nHu,u .

If H, , =@ then we interpret that to mean that there is no edge from u to v
in 6, AG.
170

Lemma 2.1.7. The digraph 6, A6, defined above is in Q, (G, K).

Proof. By Propositions 2.1.1 and 2.1.5, the label on every edge of , AJ, isa
right coset of some subgroup in K. Also by Proposition 2.1.1 there is a loop
at every point of J, A J, labelled with some subgroup in K. So it suffices to
verify condition (x).
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Let (r,s,t) € [n]3 and suppose there are edges from r to s and from s to
t in 6, AJ,. Let y(r, s) be an element of

_ g (2)
Hr,s - Hr,s N Hr,s

1)

N Hs(zz . The following equations

and let p(s, t) be an element of H = HS(
follow immediately from Proposition 2.1.3:

(ED) HY =yr,9H", i=1,2,
(E2) HO =ys,0H", i=1,2,
(E3) HY =y(r,)H y(r, )™, i=1,2
So
Hr(l)t = H;f)lel)s
= (s, p(r, HH y(r, s)" y(r, s)H",
=y(s, (r, H",,  i=1,2

Thus,

Also from equations (E1)-(E3) we have

0 A yg? (1)~ 2
Hr,s nHr,s = Y(ra S)(Hr,r ﬂ Hr,r)

and
(1) (2) (1) (2) —-1
H  NHS, =y(s, 0)y(r,s)(H, . 0nH))y(r,s) .
So
_ (1) (2) (1) (2)
Hs,tHr,s - (Hs,t n Hs,t)(Hr,s n Hr,s)

X (1 )y _ (1) ()
=y(s, )y(r,s)(H, ,nH )=H, nH,

N
and this verifies condition (x). O
Given that 6, Ad, isin Q, (G, K) it is immediate that J, A J, is a greatest
lower bound for 4, and J,. We have proved the following theorem.

Theorem 2.1.8. The poset Q, (G, K) is a lattice. For é,,06, € Q,(G, K) the
meet of 6, and J, is the digraph 6, A\ 6, defined above.

It should be noted that the join operation in €, (G, K) is much more difficult
to understand. We know of no simple description of this operation.

Definition 2.1.9. Let L be a lattice with minimal element 0. A rank function
r on L is a strictly increasing function, r: L — N, which satisfies:

(1) r(0)=0.

(2) Forall x,yelL,

FxVy)+rixAy)<r(x)+r(y).
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For example, if L is geometric then we can take r(x) to be the length of a
maximal chain from 0 to x. The lattices we deal with will not satisfy the
chain condition so our rank functions will be defined in a different way.

Given a rank function r on L we define the characteristic polynomial of L
with respect to r by

%(Ls 2) =3 uy (0, x)a V7,
x€L
In this definition, x4, denotes the Mdbius function of L (see Rota [15]) and
1 denotes the maximal element of L. Usually the rank function r will be
understood and we will write x(L; A) in place of x,(L; 4).
Henceforth assume that r is a conjugation-invariant rank function on K,
i.e., a rank function satisfying r(g'lH g)=r(H) for ge G and He K.

Definition 2.1.10. Define a rank function p = p, on Q, (G, K) in the following
way. Let 6 € Q,(G, K) andlet 6, ..., J, be the connected components of J .
Let a; denote the size of J, and let H; be the subgroup labelling an arbitrary
chosen point of J;,. Then

1
p(8) = (n = 1)+ S {r(H) + (a, - Vr(G)}.

i=1

Although it is not obvious, p is a rank function on Q, (G, K). This fact
is not important for what follows so we leave the proof to the reader. Our
immediate goal is to compute the characteristic polynomial of Q, (G, K) (with
respect to p ) in terms of the characteristic polynomial of K (with respect to r).
For this computation we need the value of the Mdbius function in Q, (G, K)
which we will compute using the following result due to Crapo (see [4]).

Lemma 2.1.11 (Crapo’s complementation theorem). Let L be a finite lattice,
let x be an element of L\{0, 1}, and let C,_ be the set of complements of x in
L,ie,
C.={yeL:xvy=1landxANy=0}.
Then,
p(0, )= > w1, (0, ¥y y)u (v, 1),
bdl ’yzecx

where {(y,,y,) is 1 if y, <y, and O otherwise.

We will apply Lemma 2.1.11 to prove the following result which gives the

value of the Mébius function of Q, (G, K) in terms of the Mobius function of
K.

Theorem 2.1.12. Let G, K, and Q, (G, K) be as above. Then

-1 -1

o 6.50(0, D) =1 (E, GGI" (=)' (n - 1)L
Proof. We prove this by induction on n, the case n = 1 being obvious. Assume
n is greater than 1 and that the theorem is known for values smaller than ».
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Let x' be the element of Q,(G, K) which has two connected components,
d, consisting of the single point {n} and J, consisting of {1,2,...,n—1}.
Let every edge of x' be labelled by G. We will apply Lemma 2.1.11 to this
choice of x’.

Let y be a complement to x’.

Claim 1. Every loop of y is labelled with E .

Proof. Let u be a point of y and suppose the loop at u is labelled H. Let
z be the digraph whose only edges are the loops with every loop labelled E
except the loop at u which is labelled H. Then

z<x' A y=0
so H = E . This proves Claim 1.
By a similar argument it is possible to prove:

Claim 2. Suppose 1 < u <v < n-1. Then there is no edge from u to v in
y.

Since x Vy =1, y must have some edges other than loops. It follows from
Claims 1 and 2 that y must be of the form y = 4, 2 where 4, ¢ has

n+ 2 edges, n loops labelled F, an edge from u to n labelled Eg and an
edge from »n to u labelled Eg™ l~ Thus

|Cpl = (n = 1)G|.

Observe that these complements 4, , . are atoms in Q (G, K) so they are
1ncomparable and u(0, 4, g) = —1. Consider the 1nterval (4, g 1] in

Q. (G,K). Let 6 bea dlgraph in the interval with edge labels H, The fol-
lowmg facts are immediate consequences of Proposition 2.1.3 and the deﬁmtlon
of A

u,n, g
(1) u and n are in the same connected component of ¢ .
(2.H, ,=gH, &

(3) For all v E [n] H,  =¢gH, ,
It follows that the edges mmdent to n and their labels are completely deter-
mined by the edges incident to u and their labels. So the map 6 — & from
[4, .., 1] to Q,_,(G, K) which removes the point » is an isomorphism.
Thus
ﬂ(Au,n,g > 1) = #Q"_I(G,K)(O’ 1) .

Applying Lemma 2.1.11 and our induction hypothesis we have
-2 -
o 650> 1) = (1= DIGI{(=1)- (g (E, G)(=1)""IGI"*(n - 21}
= w(E, G)(=1)"G/" " (n - 1)L.

The next lemma will also be important in our computation of the character-
istic polynomial of Q (G, K).
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Lemma 2.1.13. Let & be a complete K-digraph in Q, (G, K), let u € [n], and
let H be the subgroup labelling the loop at u in 6. Let K' be the interval
[E, H] in K. Then the interval [0, d] in Q, (G, K) is isomorphic to the
interval [0, 1] in Q,(H, K").

Proof. For each s € [n], let Yu,s bEan element chosen from the coset which
labels the edge from u to s in J. Define an isomorphism ¢,

p:[0, 5]9 (G, K) [0, l]Qn(H,K') s
in terms of this choice of y, .

To define ¢, let © € [0, 6] and let H _ be the edge labels of n. Define
¢(m) to have the same set of edges as n but the label on the edge from v to

w in ¢(x) is changed to ' H It is straightforward to check that

yu,w v,wyu,v‘

(1) o(n) € Q,(H,K'),and
(2) ¢ is a lattice isomorphism. O

Theorem 2.1.14. Let G, K, and Q, (G, K) be as above. Then

n—
2,(2,(G, K); 4) = [, (K : 4) - |G).
i=0
Proof. Let j,, ..., j, beasequence with Y ij, = n. We will first compute the
contribution to x,(Q,(G, K); 4) made by all terms ug, (0, 9) AP-P0)
where J has j; connected components of size i. We construct all such J via
the following procedure:

Step 1. Choose which points go in each component. This can be done in
n!/ T1,(i1j,! ways.

Step 2. In each component J; choose a point u; and a subgroup H, to label
the loop at u . For each v # u_ in &, choose a coset H, v of H_ to label the
edge &(u,, v). '

Once H; is chosen, this can be done in (|G|/ |Hs|)"5"'1 ways. For this § we
have that 1+ p(1) — p(d) = 3_,(r(g) — r(H,) + 1). The interval from 0 to J
is isomorphic to the direct product of the intervals from 0 to 1 in the lattices
Q|¢s,|(Hs » K;), where K_ is the interval [E, H] in K (by Lemma 2.1.13). So
the contribution to the characteristic polynomial made by the digraphs con-
structed with these choices is

n! 1 H(G)—r(H,)+1 16,11
1 1 s
61\
(61t (111 ( .
s s IHsl
Summing this over all possible j,, ..., j, we obtain

J;
_ v em 1 ne)-ry (=AY )"
Mg (6,10P) = nIGI"(-1) ,- E; TR 11 (Z u(0, H)i (IGI))

A Hek
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Since n!/]; i J;! is the number of elements in the symmetric group S, with
J; cycles of length i, we have

2,(2,(G K)i ) = nlIGI"(—1)'Z(S,) [x, = 2, K: )

- n!|G|"(—1)"(1%‘rXr(K, pen-t)

n
= nl|G]" (]—éTx,(K; l))
n
= H Ax, (K3 A)—i|G|).
i=0

2.2. Generalized Dowling lattices.

Definition 2.2.1. We say that a K-digraph J has the Dowling property if it has
at most one connected component with edges labelled by G. Let D, (G, K)
denote the set of all K-digraphs on [n] with the Dowling property.

Let 6 € D,(G, K). Then J has a unique (perhaps empty) connected compo-
nent with edges labelled G. We call this connected component the distinguished
component of § and other connected components are called ordinary compo-
nents.

For 6 a K-digraph, let § be the unique K-digraph obtained by joining
into one connected component all those components with edges labelled G.
It is easy to see that & — & is a closure operator on Q,(G, K) and that
D, (G, K) is the set of closed elements. It follows that D, (G, K) is a lattice
and moreover a meet-sublattice of Q (G, K). Thus the meet operation in
D,(G, K) is described in Definition 2.1.6.

As in the previous subsection we assume that r is a conjugation-invariant
rank function on K.

Definition 2.2.2. Define a rank function p = p, on D, (G, K) as follows: if J
has connected components 4, , ..., J;, where 6, has a; points and has some
loop labelled H,, then

p(8) = S r(H) + (a, - Vr(G) = p(6) - (n—1).

i

Note that p(1) = nr(G).

The remainder of this subsection is devoted to computing the characteristic
polynomial of D, (G, K) with respect to p. As in §2.1 we begin by computing
the value of the Mobius function from 0 to 1. Both of these computations
are similar to the corresponding computations for Q (G, K) and therefore we
will leave out many of the details.




THE GENERALIZED DOWLING LATTICES 11

Theorem 2.2.3. Let G, K, and D,(G, K) be as above. Then

n—1
/uD"(G,K)(O’ 1)= H(ﬂ]{(os 1) -i|G)).

i=0
Proof. The proof is by induction on 7, the case n = 1 being trivial. Assume
n > 1. Let x be the digraph in D,(G, K) with distinguished component
consisting of the points 1, 2, ..., n — 1 and with the loop at n labelled E.
Let C, denote the set of complements to x in D,(G, K). Using arguments
similar to those used in the proof of Theorem 2.1.12, one can show that

C. ={4 :1<u<n-1, geGiu{z},

x u,n,g "
where z is the K-digraph with distinguished component {n} whose only edges
outside the distinguished component are loops at each point labelled E.

As in the proof of Theorem 2.1.12 one can show that the interval [4, , g0 1]
in D,(G, K) is isomorphic to the interval [0, 1] in D,_,(G, K). Clearly
Ay ne is an atom in D, (G, K).

The interval [0, z] in D, (G, K) is isomorphic to the interval [0, 1] in K.
It is straightforward to check that the interval [z, 1] in D, (G, K) is isomor-
phic to the interval [0, 1] in D, _,(G, K). Applying Crapo’s complementation
theorem to x we obtain

an(G,K)(O’ 1) = {ﬂK(O» 1)—(n- l)|G|}.an_l(G,K)(O’ 1),
which completes the induction step.

Now we are in a position to compute the characteristic polynomial of
D,(G, K) in terms of the characteristic polynoraial of K .

Theorem 2.2.4. Let G, K, and D,(G, K) be as above. Then

n—1

2,(D,(G, K); 2) = [T(x, (K 4) - i|G]).

i=0
Proof. Let 6 be an element of D,(G, K). Assume that J has connected
components d,, d,, ..., 9, of sizes a, a,, ..., a, with §, the distinguished
component. Then the interval [0, d] in D, (G, K) is isomorphic to the di-
rect product of the interval [0, 1] in D (G, K) and the intervals [0, 1] in
Q, (H;, K;). Here H, is the subgroup labelling the loop on a point of J, and
K, is the interval [E, H,] in K. So
(2.2.5)

u(0, 6)2"M=* {]:[ (1 (0, 1) ——zIGI)}
A =0

i
{1‘[ ug(E, H) O 1) (q —1))}

We construct all possible J in D, (G, K) according to the following procedure:




12 PHIL HANLON

Step 1. Choose some set of a points to go in the distinguished component
(0 <@ < n). This can be done in (%) ways.

a

Step 2. Choose the size of the ordinary components as well as points to go in
them. If there are to be j; ordinary components of size i then this can be done
in (n—a)!/ (i1, ways.

Step 3. For each ordinary component J, choose a point #_ from J , a sub-
group H_ to label the loop at u , and cosets H, , to label the edge from U,
to v for all v#u, in 4. These ch01ces can be made in

|G\
22 (IHJ)

s H#G

ways.
The choices made in Steps 1-3 are independent and completely determine a
K-digraph 6 in D, (G, K). Summing equation (2.2.5) over all these choices

we obtain:
%,(D,(G, K); 2)

a—1
= 0,1)-1i|G
(2.2.6) Z( ){,1—% Ul D = l)}
. ji
5 ()0 (e )

j] ”"’jn—a i H<G
where the second sum on the right is over sequences j,, ..., j,_, such that
Yijj=n-c.
Note that
1% . o (U (0, 1)/|G
@2.7) 2 Tt =16 = 1 (4@ D191)
T i=0
(2.2.8) > ug(0, AT = 1 (K, 2) = (0, 1),
H<G

Substituting (2.2.7) and (2.2.8) in (2.2.6) we obtain
e 0, 1)/|G —a -a
10,6 K)i ) =m 3ot (4O D) 6=y

a=0
) (K5 4) — g (0, 1))
2(5,.0) [ 1G] |
Using the well-known fact that Z(S, )[x, — X]= (-1)"(3F) we obtain
"o , K;A) - 0, 1)/|G
a=0

= niG (}1K DI

and the result follows immediately. O

n—a«
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We end this section with an important example of generalized Dowling lat-
tices. Let G be a finite nontrivial group, i.e., 2 < |G| < co. Define the closure
H — H on L(G) by

— { E ifH=F,
H= .
G otherwise.

Every subgroup closes to G except the trivial subgroup E which is itself closed.

Thus
G

k-]
E
and so u,(0,1) = -1 and x,(K;A) =A4-1. For r we take the usual rank
function. In this case D,(G, K) is isomorphic to the Dowling lattice D,(G) of
rank n associated to the finite group G (see [5]). Moreover the rank function
p is the usual rank function on D,(G). Theorem 2.2.4 reduces to the familiar
formula

n—1
(2.2.9) x(D,(G); A) = H(A - (1+1]GJ))
i=0

obtained by Dowling using the fact that D,(G) is a supersolvable geometry.
The theory of supersolvable geometries gives an explanation for why the roots
of x(D,(G); 4) are nonnegative integers. It is easy to see that the general-
ized Dowling lattices are not supersolvable except in the Dowling lattice case.
Nonetheless the roots of their characteristic polynomials, with respect to the
variable x,(K; A), are nonnegative integers.

3. REMOVING THE THICK DIAGONAL WITH RESPECT TO A REPRESENTATION

In this section we consider the example which originally led us to define the
generalized Dowling lattices. Throughout this section we assume that ¢: G —
GL(V) is a finite-dimensional faithful (complex) representation of G which
does not contain the trivial representation. For each subgroup H of G define
Vy by

y={veV:phv=vforallheH}.

If V; =V, for subgroups H and L then V, .1y = Vg =V, where (H, L) is
the subgroup generated by H and L. So the followmg definition makes sense.

Definition 3.1.1. Let H be a subgroup of G. Define H to be the maximal
subgroup of G satisfying Vg =V}, .

It is easy to see that the map H — H is a closure on L(G) (E = E since ¢
is faithful). Let K(¢) denote the lattice of closed subgroups of G. Note that

¢ 'Hg=g"'"Hg forgegG, He L(G).

So H — H is a conjugation-invariant closure.
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Let 77 dcnote the set of subspaces % in V' such that % = V,, for some
subgroup H. Then 77, ordered by inclusion, is the lattice dual to K(¢). The
maps

H—-V, and Z -Gy, ={g€CG:9(8)% C%}

give a Galois connection in the sense of Rota [15]. The condition that ¢ not
contain the trivial representation implies that V; = 0. So the maximal element
of 7" is V =V, and the minimal element is 0 = V.

Let n be a positive integer and let i, j satisfy 1 <i<j<n.For ge G,
let #(i,j, g) denote the subspace of V" given by

%(i’j9 g)={(’U1,...,'Un)I'Uj=¢(g)'U’-}.

For i # j, #(i, j, g has codimension d = dimV in V". For i = j the
codimension of #Z(i, j, g) is d —dim(V( ¢))» Where (g) is the subgroup of G
generated by g. In particular, # (i, i,e) = V" forall i, and #(i, i, g) is
a proper subspace of V" for g #e (since ¢ is faithful).

Definition 3.1.2. Let n be a positive integer and let ¢: G — GL(V) be a faithful
representation of G which does not contain the trivial representation. Define
#,(p) to be the set of subspaces

F(p)={#(i,j,g):1<i<j<n, geG}
U{Z(i,i,g):1<i<n, geG\{e}}.

Let L, (¢) be the lattice of intersections of these subspaces ordered by reverse
inclusion and let A (¢) be the subset of V" obtained by removing the union
of the subspaces in #,(p), i.e.,

A (p) = V"\( U ;7) )

#ES(9)

Later in this paper we will compute the homology of A, (¢) as a topological
space. To do this we instead compute the ordinary poset homology of L, (¢)
and then invoke results of Goresky and Macpherson which describe the homol-
ogy of A, (p) in terms of the homology of L, (¢). To compute the homology
of L (¢) we need a combinatorial description of L, (¢). We will prove that

(3.1.3) L (9)=D,(G, K(p))

and so the generalized Dowling lattices give such a description.
It is important to identify the atoms of L, (¢). One might think that these
are exactly the subspaces # (i, j, g). However that is not quite correct because

i, i, j)cH,i,h) if (h)C(g).

So not all the subspaces #(i, j, g) are atoms in L (¢) and not all the sub-
spaces # (i, j, g) are distinct. We have #(i, i, g) = #(i, i, h) whenever
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(g) = (h). The set of atoms %/, (¢) in L, () is given by
K (9)={#(i,j,8):1<i<j<n, geGCG}
U{#(i,i,g):1<i<n, (g) anatom in K(9p)}.

In the latter set we need only one g for each atom in K(¢) so a better way to
denote the second set would be the set of #(i, i, ') such that I" is an atom
in K(p).

Next we define maps u, w which we will eventually prove to be isomor-
phisms between L,(¢) and D,(G, K(¢)). For the moment we only assume
that » maps L,(¢) to the set of G-labelled digraphs with the Dowling property
and that w maps D,(G, K(p)) to V".

Definition 3.1.4. Let ¥ be an element of L, (¢). Define the G-labelled digraph
u(.#) with n points and edge labels Hij by

H;={geG:v;=9(g),foral (v,...,v,) €5}
(as usual, if H;; =@ then there is no edge in u(#) from i to j).

Because ¢ is a representation it follows easily that
(1) If (i, j, k) e[n]’, then H, H, =H,.
(2) Forall i €[n], e € H;;. In particular, H;; is nonempty.
From (1) and (2) it follows that H;; is a subgroup of G and H, ; 1s a right
coset of H;; (see the proof of Proposition 2.1.3). Since ¢ does not contain the
trivial representation we have

(3) H;=G iff v;,=0 forall (v;,...,v,)€F.
From (3) it follows immediately that if H; = H;; = G, then H; ;= G. So
u(#) has the Dowling property.

For each i < j and each g € G let 4, ij.g denote the atom in D, (G, K(¢))
with loops at every point labelled E and two other edges—one from i toj
labelled {g} and one from j to i labelled {g~ }. For each atom I" in K(p)
let 4, denote the atom in D, (G, K(¢)) which has no other edges except the
loops at every point. All the loops are labelled E except for the loop at i which
is labelled T'.

A, . and

Lemma 3.1.5. For 1 <i<j<n and g € G we have u(%, ; ,)=4, ; ,
for 1 <i<n and T an atom in K(p) we have u(# ; ) =4, ; r.

The proof of Lemma 3.1.5 is easy and is left to the reader. Lemma 3.1.5
asserts that u is a bijection between the atoms of L, (¢) and the atoms of

D, (G, K(9)).
Definition 3.1.6. Define w: D,(G, K(p)) — V" in the following way. If ¢ is

a digraph with edge labels H;; T then

@) ={(v,, ..., v,):v,= (g, forall g € H,,, alli, j}.
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Lemma 3.1.7. Let 6 € D,(G, K(¢)). Then uwd =9.

Proof. Let H,.j and Kij be the edge labels on 6 and wwd respectively. It
is easy to see that H;; € K,; and so we need to prove the reverse inclusions.
Clearly it is enough to show that H,; DK, forall i.

Let g € K;; and let v, € 7}, . Deﬁne avector v.= (v,...,v
according to the following rules. K

Rule 1. If r and i are not in the same connected component of J then
v,=0.

Rule 2. If r and i are in the same connected component choose 7, € H,,
and set v, = ¢(y,,)v; .

We claim that v € w(d). To prove this we need to show that v, = ¢(/)v,

whenever / € H, . This is obvious unless both r and s are in the same

connected component as . In that case, H, =y, H,7, ''so I = N ' for

1
some h € H;. Thus

) e V"

n

p(lwv, = ¢(y,~s)¢(h)¢(y;1)v,
P(7,)9(M)v; = 9(;,)v; = v,

which proves ve w(d).
Now return to g € K;;. By the definition of u we have ¢(g)v, = v;. So
p(g) fixes every v; in 7 or equivalently 7, C 7 . Since H;; is closed in
K(p) we have K;, C H,, Wthh completes the proof

i =
Lemma 3.1.8. Let ¥ € L,(¢). Then wus =7 .

Proof. It is immediate that .¥ C wu# and so we show containment in the
other direction. Suppose that

=N,
xes
where S is some nonempty subset of the atoms of L (¢). Let #Z; i be an
atom in S where i < j and g € G. Note that u is an order-preserving
map, i.e., if £ C # then u(f) > u(f) (recall that the order on L, (@) is
reverse inclusion). So u(*) < u(ﬁ’ ) = ijg Hence g € H,;, where the
H,, are the edge-labels on u(.*). So if v=(v,,...,v,) isin wu(S), then

v; = @(g)v, hence v € 7/;13 By a similar argument wu¥ C # isin S.
Thus wu ¥ C ¥ which proves Lemma 3.1.8.

We can now state the main result of this section.

Theorem 3.1.9. For all n and ¢ we have L, (9)= D, (G, K(p)). Moreover the
maps u and w defined above are isomorphisms with w = u
Proof. We have proved this theorem in Lemmas 3.1.7 and 3.1.8 modulo one
technical point. We have not shown that the image of u is contained in
D, (G, K(p)), i.e., that the subgroup labelling each loop in u(.*) isin K(p).
This argument is similar to the proof that K, = H,, which was done in Lemma
3.1.7 and is left to the reader. O

-1




THE GENERALIZED DOWLING LATTICES 17

Let G be a finite group. It is natural to ask whether there exists a repre-
sentation ¢ of G such that the generalized Dowling lattices D,(G, K(¢)) are
the ordinary Dowling lattices D,(G). This is equivalent to saying that K(¢)
consists only of E and G, i.e., no nontrivial subgroup of G has a fixed vector
under ¢ . One example of this is when G is the cyclic group %, = (o,) and

¢ is the l-dimensional representation ¢(J,,) = e*™/m _ Zassenhaus classified
all groups having a representation with this property. His classification can be
found in Passman [13]. My thanks to Peter Cameron for bringing this to my
attention.

4. THE HOMOLOGY OF D, (G, K)

In this section we compute the homology of Q, (G, K) and the homology
of D,(G, K), both in terms of the homology of K. We will go on to give a
second computation of H,(D,(G, K)). This second computation will express
H, (D,(G, K)) in quite a different form. The purpose for this second computa-
tion is that we can use it to determine the representation of the automorphism
group of D, (G, K) on the homology groups H,(D,(G, K)).

4.1. Homology groups of posets. Let (P, <) be a finite poset with a unique
maximal element 1 and a unique minimal element 0. For each nonnegative
integer r let ¢ (P) be the set of chains in P given by

¢, (P)={0<x,<x,<--<x,<1l:x,€P}.

r

Let C,(P) denote the complex vector space with basis ¢,(P). Define 0,: C,(P)
- C,_,(P) by

r

8,0<x, < <x,<)=Y (-1)70<x, < <X < <x, <1).

1]
i=1
It is easy to check that 9,00, , = 0. Define the rth homology group of P,
H,(P), by
H (P) =kerd,/imd,_, .

We do allow 0 <1 as an element of C,(P) so Cy(P) has dimension 1.

We will encounter the situation where P is completely trivial, i.e., 0 = 1.
In this case we define H (P) by

C ifr=-1,

H'(P)={o ifr—1.

Note that the chains in ¢ (P) must include 0 and 1. Many authors would
define H (P) differently, working with P' = P\{0, 1} and allowing r-chains
to be arbitrary.

A fundamental result about homology groups of posets in the following Euler
characteristic equation (see Rota [15] or Stanley [16]).
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Theorem 4.1.1. Let P be a finite poset with unique maximal and minimal ele-
ments 1 and 0. Then
>_(=1)"dim(H,(P)) = (0, 1).
Our computation will be based on the following theorem due to Bjoérner

and Walker [2] which one can think of as a homological version of Crapo’s
complementation theorem.

Theorem 4.1.2 (Bjorner and Walker). Let L be a finite lattice and let x €
L\{0, 1}. Assume that the complements of x form an antichain. Then

H(L)=@H/(0,»y) e H,(y, 1],
y

where the sum is over complements y to x.

We will apply Theorem 4.1.2 to compute the homology groups of Q (G, K)
and D,(G, K). For L any poset define Poincaré series for L, P(L;t), to be
the polynomial

P(L; 1) = dim(H,(L)) .
]

Theorem 4.1.3. H, (Q,(G, K)) is isomorphic to a direct sum of |G|" = copies of
H (I1,) ® H (K), where 11, denotes the lattice of partitions of {1,2, ..., n}.
In terms of Poincaré series,

P(Q,(G, K); 1) = (n— DG 'P(K; 1).
Proof. Let x be the K-digraph whose only edges consist of a loop at every point
labelled G. Let C(x) denote the set of complements to x . It is straightforward
to check that y € C(x) iff y is connected and every loop of y is labelled E.
In particular, |C(x)| = |G|""".
It is also straightforward to check that if y € C(x) then

[0,y1=0, and [y, {]=K.
The proof follows immediately from Theorem 4.1.2.

The next result gives the Poincaré series for D, (G, K). This Poincaré series
determines the dimeunsion of the homology of D, (G, K) in each degree. In
§§4.2-4.4 we will give a more explicit computation of H, (D,(G, K)). The
Poincaré series that we compute here will be crucial for that upcoming work.

Theorem 4.1.4. The Poincaré series of D, (G, K) is given by

n—1
P(D,(G,K); 1) =[[(P(K; 1) +ilGlr).
i=0
Proof. We will prove this by induction on 7, the case n = 1 being trivial. For
n > 1 we will use Theorem 4.1.2 with x being the K-digraph whose only edges
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are loops with every loop labelled E except the loop at » which is labelled G .
Let y be a complement to x and let S be the distinguished component of x.
Note that n isnotin S so SC (n—1). Let S be n\S. Since xVy =1,
the subgraph 7 of y induced by the points in S must be connected. Since
x Ay =0, every loop in y must be labelled E .
It is easy to see that the interval [0, y] is isomorphic to DI Sl(G, K) x Hn—l S|
and that the interval [y, 1] is isomorphic to K. Applying the Bjorner-Walker
theorem we have that
n—1

(4.1.5) P(D,(G,K);0)=) <" ; 1)t“u!|G|“P(K; HP(D,_, (G,K);1).
u=0

In this sum u denotes |S\{n}| so that the factors on the right-hand side are

accounted for as follows:
(1) (*7') is the number of choices of S\{n} having size u.
(2) |G|* is the number of choices for y, the connected component of y
containing 7.

(3) u! is the dimension of H (II
ut‘P(D,_, (G, K); 1)

is the Poincaré series for the homology of [0, y].
(4) P(K;t) is the Poincaré series for the homology of [y, 1].

By our induction hypothesis we have

), SO

n—u—2
P(D,_, (G, K);0)= T] (P(K;0)+ilGl1).
i=0

Substituting in (4.1.5) we have
(4.1.6)

n—1 n—1\ 4 y n—u-2

P(D,(G,K);t)= Z < " )t ul|GI"P(K; t) H (P(K; t) +i|G|¢)
u=0 i=0
n—1{ u n—u=2
=3 {H(n —j)t|G|} P(K;1) T[ (P(K; 1) +ilGlr).
u=0 | j=1 i=0

To see that the right-hand side of (4.1.6) agrees with the right-hand side of
Theorem 4.1.4 expand the latter as

n—1 ,
> P& )" PTaG =YY Pk 0" [T G,
SC{0,1,..,n=1} i€S u=0 g§' €S’

where the sum is over sets S’ suchthat n—u,n—u+1,...,n—1 arein S
but n—u—1 isnotin S’ . It is straightforward to see that the last expression
is equal to the right-hand side of (4.1.6). O

4.2. The filtration of H_ (P) with respect to an order ideal of P. The purpose of
this subsection is to describe a combinatorial method for constructing a filtration
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of the order complex associated to a partially ordered set. Let P be a finite
poset with unique minimal and maximal elements 0 and 1. Let ¥ be an
order ideal in P which satisfies the Jordan-Holder property. Thus we can split
¥ as a disjoint union of sets ¥, where x € .7 if and only if every maximal
0 — x chain has length i. We call i the rank of x and write gr(x) =

Let ' 0=x,<Xx; <:--<Xx,<1 bean r-chain in P. Define the pivot of
I, p(T'; #), to be the maximal X; such that x; € # . Define the weight of T’
to be the rank of its pivot and deﬁne % to be the linear span of all r-chains
with weight .

Let d,: € — % _, , be the usual boundary map for computing the homology

of P. It is easy to see that

18 1_'@%—],1"

j<i

So we have a filtered complex.
As in §4.1, let d,+ be that part of the boundary which preserves weight, i.e.,

d,+: %,’,.—d;’j_]’i for all i.

It is easy to describe the map d:' combinatorially. Let I' be an r-chain,

0=x,<x < <x,_; <pl)<x;,, < <x, <1,
where p(I') = p(I'; .#) is the pivot. Then
(4.2.1)
Jj=1
o (M= (- 0<x < <f<<x_ <pl)<- <l
i=1
+Z To<x, < <pD) <Xy, < <X << X, < ).

i=j+1
From (4.2.1) it is easy to see that E'= H (% ,d") is given by

(4.2.2) E'= @ H,(0,al)® H,(a, 1],),
a€ES

where H, ([0, a]) is the poset homology of the interval [0, o] and where
H ([e, 1],) is the poset homology of

(4.2.3) [, 1], = [a, I\(a, 1]NF).

In §4.4 we will make use of such a spectral sequence to compute H,(D,(G, K)).
In that case we will have the additional information that every interval of .#
is Cohen-Macaulay. Because of this Cohen-Macaulay property, the differential
d' on E' will have a particularly simple form.
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4.3. Elementary digraphs.

Definition 4.3.1. Let 6 € D, (G, K). We say ¢ is elementary if every loop of
d is labelled by the trivial subgroup E. We let £ = .7 (G) denote the set of
elementary digraphs in D, (G, K) (note that . does not depend on K ).

Note that .# is an order ideal in D,(G, K) and that if 6 € # then the
interval [0, ] in D (G, K) is isomorphic to the interval [0, n(d)] in II ,
where n(J) is the partition of n whose blocks are the connected components
of §.

Definition 4.3.2. Let o, f be digraphs in D, (G, K) with a < § and o ele-
mentary. We say B is nondefective over a provided that whenever two com-
ponents of o are contained in the same component C of f, that component
C must be the distinguished component. Otherwise we say f is defective over
«.

Lemma 4.3.3. Suppose B is defective over o and B is not elementary. Then
there is a unique maximal digraph x_(B) satisfying:

(1) a<k,(B)<B.

(2) x,(B) is nondefective over o .
Proof. Define k_(B) to be the digraph obtained from £ by removing all edges
¢ of B which satisfy:

(i) € is not an edge of «.
(i) The endpoints of ¢ lie outside the distinguished component of §.

It is straightforward to check that this x_(8) is the unique maximal digraph
satisfying (1) and (2).
Let o be an element of ¥ . A nondefective chain over « is a chain
a<f;<---<p <1

in the interval [a, 1] such that each B, is nondefective over a and such that
no f; is elementary. Let ND, (o) denote the space of nondefective chains over
a and let 0, denote the differential for the poset [a, 1].

Lemma 4.3.4. Let o be an elementary digraph with r connected components.
Then the complex (ND,(a), ) is isomorphic to the complex (C,(K'), d),
where K™ denotes the direct sum of r copies of K . In particular,

H,(ND(a), 8,)  (H,(K))®".
Proof. Let X, ..., X, be the connected components of o and let x; be a fixed
element from X,. If B is nondefective over o then B is determined uniquely

by the sequence (h,(B), h,(B), ..., h(B)) € K, where h,(B) is the subgroup
labelling the loop at x,. It is straightforward to check that the correspondence

B— (h(B),.... h(B)

extends to an isomorphism of chain complexes.
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4.4. The homology of D, (G, K). We will now recompute H,(D,(G, K)) using
a method which yields more information than Theorem 4.1.4. This additional
information will be crucial in §5 when we compute the character of GwrS, on
H, (D,(G, K)). We will compute H, (D,(G, K)) using the spectral sequence
(E°, d’) described in §4.2 with respect to the order ideal ¥ = .%,(G) of ele-
mentary digraphs. Recall from (4.2.1) that the differential 6:' = 8,? applied to
a chain I' agrees with the usual differential in C,(D,(G, K)) except that the
term where p(I') is removed from I" does not appear. Thus

0 0\ 0 0
(E,.d)= P ),d),
a€S
where the above isomorphism is an isomorphism of complexes and where E?(a)
is the subcomplex of Ef spanned by all chains with pivot «a. For each a we

will compute the homology of (E?(a), a’o) using a second spectral sequence.
Fix an elementary digraph o and let r denote the number of connected
components of «. For each chain I" in Ef(a) let B(I') be the subchain from
B() to 1, where B(I') is the minimal element of I" which is defective over a
(define B(I') = @ if every element of I' is nondefective over a). Also define
b(T") to be the size of B(I).
For b, a nonnegative integer let E?(a; b,) denote the span of all chains I"

in E?(a) with b(I') = b, . It is easy to see that
d°(E%(a; by)) C EX(a; by) ® EL(a; by — 1).

So b(I") defines a fltration of (E’(a), d). Let (F’,d°) be the associated
spectral sequence. We will now compute the terms in this spectral sequence.
It is easy to describe the differential 0 explicitly. Let I' be a chain in
Eg(a > bo) s
No=oy<--<a,_,;<plN<a,, < <a
<B(F)<,32<---<Bb0< l.

J

Then

J
M) =Y (-1)""0<a, < <é < <a

(4.4.1)

“ G

o}

<,B(l")<---<ﬂb0< 1).

By (4.4.1) we see that (FO, 50) splits as a direct sum,

(F), 6% = (EXa; 0), d°) & D(F (). 8°).

By

where the last sum is over f, defective over «, f, ¢ 7. FP( B,) is the span
of all chains " with g(I') = , .
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Consider the complex (F*O(,Bl) : 50). Since a < B, and B, is defective over
o we have a < k,(B,) < B,. Let I(a; B,) be the poset consisting of the
interval in D, (G, K) from a to x (B,) together with an additional maximal
element M .

By the usual contraction argument H, (I(a; B,)) = 0. Observe that the complex
(F,_O( B, 60) is isomorphic to the tensor product
(4.4.2) (F.(B)),6%) = ([0, a],d)® (a3 B)), ),

where both differentials & on the right-hand side are the usual poset differen-
tials. It follows immediately from (4.4.1) that an explicit isomorphism ¢ to
establish (4.4.2) is given by

9p(0<a; < <o <a<aqy < <q,<p<--<p <)
cl0xos< - <e '<did<a, <--<a, <M).
Hence we have that (F‘O(ﬂl) : 60) is acyclic for all B, and so
H(F, 8% = H (E)a;0),d".
Now note that Ef(a; 0) is isomorphic to the tensor product

(4.4.3) (EX(@;0),d°%) = (C,([0, a]), 8) ® (ND, (a), ),

*

an isomorphism which follows directly from (4.2.1). Thus
F'=H(F.,s") 2 H(]0, o]) ® (H,(K))* .

Since all the homology on the right is concentrated in the Oth-filtered piece of
F', the spectral sequence (F°, 5°) has collapsed at F'. So

(4.4.4) E'=@H,(0, o)) ® (H,(K)*,

where c(a) denotes the number of connected components of «.

If V=6p,V, isagraded vector space then the total dimension of V', written
dim(V'), is defined to be the sum of the dimensions of the V.
Corollary 4.4.6. Let « be the total dimension of H(K). Then the total dimen-
sion of E Y s given by

n—1
dim(E") = [J (x + iGl) .

i=0
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Proof. By Theorem 4.4.5 we have
dim(E')=3" 5 dim(H([0, a])x".

"o r(a())t=r0
Let & be a partition in II, with r, blocks of sizes b, ..., bro. Then the
number of elementary K-digraphs whose connected components are the blocks
of & is ]'[j|G|bf_1. Also if a is such a K-digraph then dim(H([0, a])) =
I1 j(bj — 1)!. Note that dim(H([0, a])) is the number of permutations in S,
whose partitions into disjoint cycles is &. Thus

dim(E") = n1Z(S,)[x, - |G| 'x]
- nGI" L
n|G|"Z(S,) [x, IGI] .
So

(4.4.7) dim(E") = n!|G]" (1%[ +n” - 1) .

If we substitute ¢ = 1 in Theorem 4.1.4 we have

n—1
dim(H,(D,(G, K))) = [« + iG|)
(4.4.8) =0

K —
=n!|G|”(W+n” l)=dim(El). o

Since H,(D,(G, K)) = E* we see from (4.4.8) that our spectral sequence
has collapsed at E ! which proves the following theorem.

Theorem 4.4.9. As a graded vector space, H, (D, (G, K)) is isomorphic to
H,(D,(G, K)) =@ H, ([0, o)) ® (H,(K))*,

where the sum on the right is over all elementary digraphs o.

4.5. The homology of L, (V). Recall the set-up of §3 in which ¢: G — GL(V)
is a finite-dimensional faithful complex representation of G which does not
contain the trivial representation. Notation and terminology will be as in that
section.

Let Z,, ..., Z, be the coatoms in 77, i.e., the maximal subspaces in v \Cd.
Let 7 (¢) denote the complement of (L_Jf=1 %) in C? . In this section we will
compute the homology of A, (¢) in terms of the homology of .7 (¢) . Our main
tool will be the theorem of Goresky and Macpherson [8] which appears below.

Let 4,,...,4,C R™ be a finite set of affine subspaces (of possibly various
dimensions) in Euclidean space and let

M =R"\ (QA,.) .
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Associated to this collection 4,, ..., 4, there is a poset & whose elements v
correspond to the flats
lv=4; N---N4,

(ordered by inclusion) with a maximal element 1 appended which corresponds
to the space R™ . There is a natural ranking function d on & given by

d(v) = dimg(|v]) .

Theorem 4.5.1 (Goresky and Macpherson [8, Theorem 1.3A, p. 238]). The ho-
mology of M is given by

(4.5.2) H(M;2Z)= @ H,,_40)_i_,([0, v]).
vER

Note in this theorem that the homology on the left is homology of the affine
variety M whereas homology on the right is homology of the poset [0, v].
Also note that the exact form of the subscript on the right, m —d(v) - i—1,
is slightly different than what appears in [8]. This is because we use a different
convention for determining the rank on poset homology.

We will be using Theorem 4.5.1 in the case that R™ is a complex space C
and each 4, is a complex subspace. One can apply the theorem as stated above
although it is important to remember that d(v) is the real dimension of |v].

Let P(Z (¢);t) and P(A,(@); t) denote the Poincaré series for the homol-
ogy groups of Z'(¢) and A, (p) respectively, i.e.,

m/2

P(F (p); 1) = 3 dim(H,(F (9); D)1,
P(A,(9); 1) = 3 dim(H(A,(p): Z))t'.
Theorem 4.5.3. For any n and ¢ we have

P(A,(9); ) H(tP ) +iG1E*Y.

Proof. We will apply Theorem 4.5.1 to compute P(A, (¢); t). Let v € D,(G).
Then v determines a pair n(v) = (C,, ), where C, is the distinguished
component of v and y is the partition of n\C, whose blocks are the nondis-
tinguished connected components of v. In each block C; of y pick out the
smallest element u; and let ¢; denote the size of C;. Our first step is to com-
pute ) (C,, ) which is the contribution to the right-hand side of (4.5.2) made
by all v which give us the pair (C,, 7).

Suppose that n(v) = (C,, 7) and that the point #; in C, is labelled by the
subgroup H; which corresponds to the subspace V; = VH‘_ . Then

dimg(|v]) = ) _ dimg(¥})
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(s equals the number of blocks of y). So,
Z(Co’y)—t Z Y dim(H,,,_ 2 dimg (V) =i ([0, vDf'

n)=(Cor7)

- Z Zdlm ([0, v]))t £2nd =203 dimg(V)—j

n(v)= ( Co,7)

Note that the interval [0, v] in D,(G) is isomorphic to

[()’ ’U] gDco(Ga K) X {li[ch(Hla K[)} ’

I=1
where K| is the interval [E, H|] in K. Thus

p(e Z{tzc0 (G, K);t -l {ﬁx,},

where X, = tzc'd'Zdim‘('/’)P(Qc,(H, , K))s ™). From Theorem 4.1.3 we have

X, = {(c, - DG a4 po HJs !

).
Here P([0, H}]; t_]) is the Poincaré polynomial (in the variable ! ) for the
homology of the interval [0, H|] in K.

Next observe that if n(v) = (C,, y) then v is completely determined by the
choice of subgroups H,, ..., H, labelling u,, ..., u . These choices can be
made arbitrarily subject to the constraint H, # G . Also, by Theorem 4.1.4 we
have

co—1
2d—-1

“P(D, (G, K); “)_H(zz"P(K Y +i612h.
i=0
Thus
-1 K
(4.5.4) Z(Co,y)={n(t2dP(K Y+ iGN }{HY,},
i=0 I=1
where
Y, = (¢, - D6
({3 S dim(H(E, D)fm)” H} |
?/#G i

Note that if Z = G then
Zdlm (E, %))t [d-dimg(V)=i=1 _ t2a’—1P(K; t—l).
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Thus
1y ) dim(H((E, %]))tZd_dimn(VyI)—i—l
%#G i
= tP(Z (p); 1) - ' P(K; t7").

So, from (4.5.4) we have

co—l
Y (Coh 1) = { [T P&+ z‘|G|t”">}
i=0
ﬁwwd NG T (P (p); 1) - PR 1Y)

I=1

Note that }(C,, 7) depends on P(K; t_l) as well as P(Z(¢);t). owever

we shall see that when we sum the ) (C,, y) the dependence on P(% ;¢ h
disappears leaving the expression on the right-hand side of Theorem 4.5.3 which
depends only on P(Z(¢); t)

Fix ¢y, ¢;,..., ¢, and sum }(C,, y) over all pairs (C,, ), where |Cy| =
¢, and where y has blocks of size ¢, ..., ¢,. Call this sum a(cy; ¢, ..., c,).
If j; is the number of ¢, (/ > 1) which equal i then we have

G(Co3 Cpsanns Cy)

c,—1
3 1. .2d 2d-1,\ [ (n—¢p)!
(4.5.5) -( ){H(t Pl ) ilGr )} (Hi(i!)’fji!)

| {f[<c, - D16 (IP(%(’”);,ZJ f:P(K; Fl))} .

I=1

Let u, v, w denote

u=~r"PK; Y, v=tP(Z(p);n, w=r""G.
Note that
=1 “
(4.5.6) [T P& ")+ 0617 = we,! (U +CC: - 1) .
i=0
Also
(4.5.7)

(n—c : - P(H(p);t)-“P(K; ")
(mz' f? ) {H, 1" ( el
="z [x - (G- 3)]

T
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where the sum on 7 is over all permutations in §, . which have cycles of
lengths ¢, ..., ¢, . Substituting (4.5.6) and (4.5.7) 1nto (4.5.5) we have

tP(A,,(co); 1= Z 0(Cy3 CpuennsCy)
(s mrty)

= me ( +6— 1) (‘ - —(‘; (_"c;)co) - 1)

&

Noting that (**47!) = (7})(=1)* we have
#(E-8)

o (¥
n'w (n)(—l)" = nlw (ﬁ +: B 1)
n—1

n—1
= [Jw +iw) = [[P(F (0); 1) + i1GIFY,
i=0

i=0

tP(A,(9); 1) =

which completes the proof. O

Note the striking similarity between Theorems 4.1.4 and 4.5.3. It seems
plausible that there might be some simple way to derive Theorem 4.5.3 from
Theorem 4.1.4. However the author knows of no proof that is more direct than
the one given here.

5. THE ACTION OF GwrS, ON THE HOMOLOGY OF D, (G, K)

5.1. The wreath product GwrS, . Let GwrS, denote the wreath product of G
over S, (see James and Kerber [11] for more background on wreath products).
Throughout this section we will assume that n, G, K are fixed and we will let
¥ denote GwrS, . We will think of & as the set of nxn matrices with entries
from G U {0} which have exactly one nonzero entry per row and column. If
o € ¥-we let 6 denote the underlying permutation in S, , i.e.,  is obtained
from o by changing every nonzero entry to 1. Also we let g(ag; i) denote the
element of G that occupies the unique nonzero entry in row [ of 7.

There is an action of & on the set Q (G, K). Let 6 be an element of
Q,(G, K) with edge labels H;; and let ¢ be an element of & . Define o -J

to the digraph with edge labels i given by

. w—1
H;&,j& =g(o; j)H, ;8(0; i)

It is straightforward to check that ¢-J is a K-digraph and that each 0 € & is
an automorphism of the poset Q (G, K) which maps D, (G, K) to D, (G, K).
So we have a representation of & as a group of automorphisms of D,(G, K).
This in turn gives an action of & on the homology of D,(G, K). We denote
the character of the representation of & on H,(D,(G, K)) by B, ;- Our goal
in this section is to derive information about the characters g, ;. Our main
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result here will express f, ; as a sum of induced characters. For the rest of
§5.1 we will catalogue some further information about the group £ .

Let €], ..., %, be the conjugacy classes of G. From each conjugacy class
% choose an element g(%) which will remain fixed for the rest of this section.
Let 0 €% andlet Y =(y,,...,y,) beacycleof o (ie., acycle of ). We
say Y has conjugacy type % if

(5.1.1) {Hg(a;yi)} €?.
i=1

Note that the actual group element defined by the product in (5.1.1) depends on

the cyclic order of (y,, ..., y,) . But this dependence is only up to conjugacy in
G, hence the conjugacy type of Y is well defined. Foreach u € {1, 2, ..., n}
and each s € {1, 2, ..., k} let m_(u, s) denote the number of u-cycles of o

with conjugacy type %,. The type of o, t(g), is the ms-tuple
7(0) = (m,(u, s)).

It is well known (see, for example, James and Kerber [11]) that two elements
of & are conjugate if and only if they have the same type.

An element of & is standard if each cycle has at most one nonidentity
element of G. It is clear that every element of & is conjugate to a standard
element. Let o be standard and let Y = (y,, y,,...,¥,) beacycleof o. If
Y contains a nonidentity element g € G then reorder Y cyclically so that g
occurs in the y, th row and y,st column of ¢ . Define B(Y) =y, (the beginning
of Y)and &(Y) =y, (the end of Y ). The submatrix of ¢ corresponding to
Y looks like

BY)=y, /0 e 0 --- 0
10 0 e --- O
eY)=y, \& 00 --- 0

5.2. The action of & on .7, (G). Recall from §4.3 that .7 (G) is the poset of el-
ementary digraphs in D, (G, K), i.e., those digraphs in which every (nonempty)
edge label is a single group element. In this subsection we will derive some facts
about the action of & on .7, (G) and on the homology groups of the intervals
in Z (G).

Let o be an element of 7 (G) which is fixed by some o € &. Then o
permutes the connected components of o. Write a as the disjoint union

a=a Ua,U---Uag,

where each «; is an orbit of connected components of «. Each «; is a union
of some number ¢; of connected components,

a=cPuc?u...uc",

where ¢ maps Ci(“) to C,(““) (here u + 1 is taken mod?;). Let o; denote
the restriction of ¢ to a;.
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We can decompose g; into disjoint cycles
_ v(Dy(2) ;)
o, =Y, Y Y

The length of each cycle Y,.(I) is a multiple dfl)t,. of #,. Also let 9,.(” denote

the conjugacy type of Yi(l). We call the sets {¢;}, {j,}, {dfl)}, and {9,.(1)} the
a-invariants of o (defined for any pair (a, g) where d-a=a).

Defintion 5.2.1. Let notation be as above. We say o, is a-uniform if dfl) =
dfz) == df"'). We say o is a-uniform if each o, is a-uniform.

Lemma 5.2.2. Let notation be as above and suppose o, is o-uniform. Then

IV —gP .. =gl

Proof. Assume g, is a-uniform. Let a\* and a!” be arbitrarily chosen ele-

ments of Y,.(“)anl) and Y,.(“)OC,.“). Let g and /4 be the products of the entries

of Y and Y" starting with o and a!*) respectively. Thus g € Z* and

he 2. Last, let x be the label on the edge from a! to a!”.
If we apply aid i 10 the edge from a,(.") to aE”) we obtain the same edge but

with label changed from x to hxg_l. Since ¢ :a = a we have
hxg '=x soh=xgx".

Thus 2 = ") which completes the proof.

]

Lemma 5.2.3. Assume that o-a = o and that {j }, {d™}, and {2} are the
parameters of (o, o). Let T, denote the trace of o acting on the rth homology
group of the interval [0, o]. Then

(=)' L(=d) " (G, = Du(d)  if o is a-uniform and
T = r=n-—c(a)-1,

0 otherwise.

Proof. Observe that the interval [0, o] in % (G) is isomorphic to the interval
[0, I(a)] in IT, . So [0, a] is C-M of rank n —c(a) which shows that 7, =0
unless r = n —¢(a) — 1. It also implies that

Tn_c(a) = (_l)n_C(a),u[o,a]a(O, a) ,

where [0, o], denotes the subposet of [0, a] consisting of all elements fixed
by o.
It is easy to see that

[0, a, 20, a,], x - [0, a],

and that [0, a,], is isomorphic to the lattice of partitions of C,.(l ) fixed by ai"'

(note that a,-' " acts on C}” ). The rest of Lemma 5.2.3 now follows immediately
from [9, Theorem].
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We will need a bit more information about the elementary K-digraphs fixed
by o in the case the o is standard. Assume henceforth that o is standard,
that 6 -a = a, and that ¢ is a-uniform. Let {t;}, {j;}, {d;}, and {Z]} be
the a-parameters of o. We will examine the structure of a particular ;.

As above, write g, = Y'Y ...Y" and let CV, Cc?, ..., C! be the
connected components of «; written so that ai(Cf“)) = Cf““) and so that
BYM) e CV. Define z(1), 2(2), ..., z(d;) € CV by

z(j) = sV Vig(rY)

and let y(u) be an arbitrarily chosen element of Yi(“) n Cfl) . A diagram de-
picting «; appears below:

1 2 (t,')
X
By =z(1) [
Yi(l) . 2(2) .
2(d,) - | =)
" y(2) . .
Yi
vy
y U : : :
) : : :
1 2 ;
3 c? c
FIGURE 5.2.4

Lemma 5.2.5. Let h be the label on the edge from z(1) to z(2) and let u? be
the label on the edge from z(1) to y(j). Let g = g(2;). Then

(1) k% =g,

2) u e Cylg).

Conversely, a choice of h such that h = g to label the edge from z(1)

to z(2) and choices of u" € C;(g) to label the edges from z(1) to y(j)
determines an elementary k-digraph o, which is fixed by a; .

1

Proof. First we prove that 4 is a d;th root of g'l . Observe that the edge from
z(s) to z(s+ 1) is labelled 4 in « (by invariance of a under ¢ and by the
standardness of ¢ ). Thus the edge from z(d,) to z(1) is labelled s

If we apply " to the edge from z(d;—1) to z(d;) we obtain the edge from
z(d;) to z(1) labelled by hg. By invariance of o under ¢ we have

hg = ™4

as desired.
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Next we show that u') centralizes g . Note that if o4 is applied to the
edge from y(1) to y(j) the result is the edge from y(1) to y(j) but with label
changed to g“u( j)g . The result follows.

The converse statements are straightforward and are left to the reader.

5.3. The action of & on H,(Q,(G, K)). In this section we compute the action
of & = GwrS, on the homology of Q, (G, K). Our main result is an interest-
ing generalization of a result due to Stanley. Consider the case where G is the
trivial group. It is straightforward to see that Q (G, K) is isomorphic to the
partition lattice in this case. Also in this case & is just S, and so the action
of ¥ on H (Q,(G, K)) is the action of S, on H, (Il ). Stanley proved the
following elegant result.

Let C, be the cyclic group in S, generated by 7, = (1,2,...,n) and let
=, be the linear character of C, defined by

4‘,,(1,,) _ e2m/n )

Theorem 5.3.1 (Stanley [16]). Let x(") be the character of S, acting on the
unique nonvanishing reduced homology group of 11, . Then

= sgn-ind“z'; (2,).

To understand how this result generalizes in our situation first note that
C, x G can be identified as a subgroup of & . The matrix in this subgroup
corresponding to (‘rfl , ) is the one which has entry g wherever the permuta-
tion matrix corresponding to t{, hasa 1.

G acts on the graded module H, , ,(K). Here H, , ,/(K) is identical
as a module to H,(K) except that the grading has been shifted up by n—1. So
C,xG actson C®H, )(K) = H*+(n——l)(K) by the tensor product action:

+(n—1
(), )V @) = (2,(1,)0) ® (g - ).
Our main result in this section is the following generalization of Theorem 5.3.1.
Theorem 5.3.2. Let xf")(G, K) be the graded representation of & on the ho-
mology of Q,(G, K). Then
1(G, K) = sgn-ind¢ 5" (2, ® H, (1 (K)).

Proof. We will prove this result by computing the character of ¥ on
H,(Q,(G, K)). Recall that in §4.1 we had established an isomorphism of
graded vector spaces between H, (Q, (G, K)) and M = @aej(.)(G) H, ([0, a])®

H (K). Here J,,(”(G) was the set of connected G-digraphs. Recall that the
isomorphism between H,(Q,(G, K)) and M came from the fact that J’n“)(G)
is the set of complements to the digraph z whose only edges are loops at each
point labelled G . Note that z is invariant under & . Because of this it is easy to
check that the isomorphism between H,(Q, (G, K)) and M is &-equivariant.
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So the character of & on H,(Q,(G, K)) agrees with the character on M. We
will compute the latter character.

Let o be an element of & . We want to compute the trace of ¢ acting on
M . This trace is a class function so we may choose ¢ up to conjugation in
Z . In particular, we will assume that o is standard and has a disjoint cycle
decomposition ¢ = YyW...y¥ , where 1 = B(Y(l)).

It is important to understand how % acts on M . This action is induced
from an action of & on the associated chain complex

M= @ C.l0,a])®C,K).
aeZN(G)
To understand how & acts on M’ one must embed M’ in C.(D,(G, K))
using the map y: M — C,(D,(G, K)) defined by
w(@<y, <<y3,<a)®0<H < <H <G)
=0<y <<y <a<o << <1,
where w; is the unique (G, K)-digraph which is greater than a and which has

the loop at 1 labelled H,.
Observe that

o(H,([0, a]) ® H,(K)) = H,([0, ga]) ® H (K).
So the trace of o acting on M’ agrees with the trace of ¢ acting on
M= @ H,((0, o]) ® H,(K).
ga=a
Each of the subspaces H, ([0, a])®H, (K) is g-invariant so the trace of ¢ acting
on M" is the sum of the ¢ acting on each individual H, ([0, o) ® H,(K).

Fix a € J‘;“)(G) with ga = a, and let tr(a) denote the trace of o acting
on H ([0, o]) ® H (K). It is easy to see that

(5.3.3) tr(a) = t1'(‘7|H_([o,o,])) ® tl'(‘7|H,,(K)) ’

where the action of ¢ on H_ (K) depends in some complicated way on ¢ and
a. It follows from (5.3.3) that tr(a) = O unless ¢ is a-uniform. So we will
assume o is a-uniform. Thus every cycle of ¢ has the same length d and the
same conjugacy type < . By Lemma 5.2.3 we know that

tr(0] 4 go0,a) = (= 1) (=47 (G = 1)!u(d)d, ,_,.
It remains to compute the trace of ¢ on H, (K).
To understand how ¢ acts on H (K) it is helpful to redraw Figure 5.2.4 in
this situation. Since we have s =1 and ¢, = 1, we get
y® y® Y9

z(1) 2(2) z(d) y(2) y(J)
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Recall that o is standard. So we may assume that Y™ has the form

z(1) z(2) z(3) -+ z(d)

0 e 0 0

0 0 )

r' = : : f :

0 0 0 e

g 0 0 0
Let 2 be the label on the edge from z(1) to z(2) in «. Then the edge from
z(i) to z(i+ 1) also has label # for i=1,2,...,d —1 by invariance of «

under o. So the edge from z(1) to z(d) has label At

Let k € K. Under the isomorphism from C,([0, a]) ® C,(K) into M', k
maps to the unique connected K-digraph & which satisfies

(1) a<d in Q, (G, K).

(2) Theloop of 6 at z; =1 is labelled k.

By Proposition 2.1.3(d) the loop at z(d) is labelled B~ Vkh" | If we now
apply o to 0 we get a new K-digraph where the loop at z(1) is labelled

g h Uk g = kb,

the equality g“]h_(d_l) = h coming from Lemma 5.2.5.

Soif 0 < k< <k < i isan r-chain in C,.(K) then ¢ maps this r-chain
to
0 < (hk,h™") < (hkyh™') < - < (hk,h ™"y < 1.

It follows immediately that ¢ acts on H, (K) according to conjugation by £ .
So if o has d j-cycles all of type g then the trace of ¢ onthe (n—2+r)th
graded piece of M is

(5.3.4) (=1 (@) (=) (G = D! Yl )
hd=g
where the sum is over all dth roots of g in G.

It remains to show that this is the value of the induced character given by
the right-hand side of Theorem 5.3.2. To prove this we will use the following
formula for an induced character which can be found in Feit [6]. Let .# be
a subgroup of .#" and let 77" be an .#-module with character y. Then the
value of the induced character indf;( x) on a group element n € ./ is

1

. 1 . -
(5.3.5) ind” (x)(n) = 7 3 1 ng),

gewN
where x*(u) is x(u) if ue # andis O if u ¢ A .
We will apply (5.3.5) in our situation (namely) # =C, x G, #/ =%, and
7 =C®H (K). Let p, denote the character of G on H, )(K ). Let

*+(n—1) r+(n—1

(Tﬁl ,h) € C, x G, let j be the greatest common divisor of / and n, and let
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d=n/j. Then (Ti, h) (as an element of GwrS,) consists of j cycles each
of length d and type g = h . So by (5.3.5)

ind. ¢ (+, ® p,)(0) = 0

unless o consists of j d-cycles all of the same type g for some d|n. If o
does consist of j d-cycles of type g then

indg. o (¢, ® p,)(0 —WEZZ “up (),

hd—g (I,m=j

where z, denotes the centralizer of ¢ in &, where the first sum is over all
dth roots of g in G, and where the second sum is over all / € {1, 2, ..., n}
such that the greatest common divisor of / and n is d. Recall that

3 Ll =@,

(1 > n)=j
Also observe that
|z,] = (dIG)) jt = n|GI{(d|GI)~"(j - 1)}
So if o consists of j d-cycles all of type g then
sgn(0) ind g (¢, ® p,)(0)

(5.3.6) = DY@y @G T G -1 S (k).
hi=g

Since (—1)(d_])j = (- 1)"'1(—1)"‘l we have that the right-hand sides of (5.3.4)
and (5.3.6) agree, which completes the proof of our theorem.

5.4. The action of & on H, (D, (G, K)). In this section we compute the char-
acter of & and express this character as a sum of induced characters. These
characters are induced from centralizers of permutations and are a generalized
version of certain characters introduced recently by Reutenauer [14], in one
context, and Gerstenhaber and Schack [7] and Loday [12] in quite a different
context.

Let o bea permutation in & having j, u-cycles for each u. The centralizer
of g, denoted z_, is isomorphic to a direct product over u of (C, x G)wrS i,

We will now describe a graded character of z, . This character n( ) isa product

over u of graded characters n( (u) of (C,xG) wrS . The character n( )(u)
comes from the graded character #, ® p, on C, x G where «, is the linear
character of C, defined by «,((1, 2, e, ) = %2’”/ “,and p, is the graded
character of G on H,(K). The character «,®p, is extended to (C,xG) wrSju

using the trivial character on S . The precise definition of n (u) is

(1,0, 0,,...,0,) € (C, x G)wrSju,
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where 7 € SJ. and w; € C, x G; then

(o) .
n*"_(u_l)ju(u)(t, @5 ...,0,)=]](,® P ¢ o),
z
where the product on the right is over the cycles & = (C,, ..., C;) of 1.

We can now state the main result of this section.

Theorem 5.4.1. Let P be a set containing one permutation of each cycle type
and let ﬂi")(G, K) be the graded character of & on the homology of D, (G, K).
Then
:B,En)(G ,K)=sgn- @ indgawrsn(nia)) .
gEP

Proof. We begin with formula (4.4.4) from §4.4 which gives an expression for
the E' term in a spectral sequence which abuts to H (D,(G, K)). Recall that
this spectral sequence collapses at E ! and observe that all differentials in this
spectral sequence are Z-equivariant. So the character B,E")(G, K) is equal to
the character of & acting on

(5.4.2) P H. (10, a) ® (H,(K)*.

For each partition 4 of n, let V, denote the subspace of (5.4.2) consisting
of the sum of all H,([0, o]) ® (H,(K))®“® over all o which have connected
components of sizes 4,,4,,...,4,. Then V, isa % module—Ilet ¢, denote
the trace of & acting on V,. We will show that

(5.4.3) ¢, = sgn-indj "> (1),
where the o on the right is the permutation in P with cycle type 4.

The proof of (5.4.3) is similar to the proof of Theorem 5.3.2. We leave the
details to the reader.

It is interesting to note that the induced characters

sgn-indfﬂwrs"(ﬂf)) , geP,

which constitute the summands on the right-hand side of Theorem 5.4.1 have
appeared before in the case that G is the 1-element group. These characters of
S, were introduced by Reutenauer [14] in connection with the free Lie algebra
and were studied further in this context by Garsia, Bergeron, and Bergeron [1].
Independently these same induced characters came up in the study of a Hodge
decomposition of Hochschild and cyclic homologies of a commutative algebra
A (see Burghelea and Vigué-Poirrier [3], Gerstenhaber and Schack [7], Hanlon
[10], and Loday [12]). It is unclear why these induced characters turn up in
such varied contexts.
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